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Abstrat
Gauge theory on the q−deformed two-dimensional Eulidean plane R2q is stud-
ied using two dierent approahes. We rst formulate the theory using the natural
algebrai strutures on R
2
q , suh as a ovariant dierential alulus, a frame of
one-forms and invariant integration. We then onsider a suitable star produt,
and introdue a natural way to implement the Seiberg-Witten map. In both ap-
proahes, gauge invariane requires a suitable measure in the ation, breaking
the Eq(2)-invariane. Some possibilities to avoid this onlusion using additional
terms in the ation are proposed.
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1 Introdution
Gauge theories provide the best known desriptions of the fundamental fores in nature.
At very short distanes however, physis is not known, and it is plausible that spaetime
is quantized below some sale. This idea has been ontemplated for quite some time,
and gauge theory on nonommutative spaes has been the subjet of muh researh
ativity, see e.g. [1℄ for a review.
There are several dierent approahes to gauge theories on nonommutative spaes:
First, one an formulate the theory in terms of the algebrai strutures whih dene the
nonommutative spae, suh as the nonommutative algebra of funtions, its modules,
and dierential aluli. Gauge transformations an then be dened by unitary elements
of the algebra of funtions. Examples of nonommutative gauge theories using this
formulation an be found in [2, 3, 1℄. While it is ertainly very natural, this approah
seems to be restrited to unitary gauge groups, and the set of admissible representations
of the assoiated matter elds is also quite restrited.
Another approah has been developed following the disovery that string theory leads
to nonommutative gauge theories under suitable onditions, as explained in [4℄. This
lead to a tehnique expressing the nonommutative elds in terms of ommutative ones,
and writing the Lagrangians in terms of ordinary (ommutative) elds and star produts.
It allows to formulate models with general gauge groups and representations, inluding
the standard model [5℄. However, the Lagrangians beome inreasingly ompliated
at eah order in the deformation parameter, and there is generally a large amount of
arbitrariness in these ations. Moreover, the formulation of gauge theories on general
nonommutative spaes with non-onstant Poisson struture is less lear. In partiular,
no satisfatory formulation of gauge theory on spaes with quantum group symmetry
has been given; see e.g. [6℄ for a lear manifestation of this problem. It seems that
in general, a satisfatory implementation of generalized symmetries (quantum group
symmetries) in nonommutative eld theory is yet to be found.
In the present paper, we apply these dierent approahes to gauge theory on the
Eulidean quantum plane R
2
q , whih is ovariant under the q-deformed two-dimensional
Eulidean group Eq(2). This is one of the simplest quantum spaes with a non-trivial
quantum group symmetry, and salar eld theory on R
2
q has already been studied in [7℄.
It seems therefore well suited to gain some insights into gauge theory on spaes with
quantum group symmetry.
We rst try to formulate (abelian) gauge theory on R
2
q using an algebrai approah,
taking advantage of the ovariant dierential alulus on R
2
q. This leads very naturally
to a denition of gauge elds and their eld strength, with gauge transformations being
the unitaries of the algebra of funtions. This eld strength redues to the usual one in
the ommutative limit. However, the denition of an invariant ation turns out to be
less lear: if one uses the natural invariant integral on R
2
q, one must add a nontrivial
measure funtion in order to obtain a gauge invariant ation. This measure funtion
expliitly breaks translation invariane, whih seems to be a generi feature of gauge
theory on spaes with quantum group symmetry. Hene gauge invariane appears to
be in onit with quantum group symmetry. However, we point out some ways to
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avoid this onlusion. We propose a model with an additional salar (Higgs) eld
with a suitable potential, whih is manifestly gauge invariant and restores the formal
Eq(2)-invariane while spontaneously breaking gauge invariane.
In the seond part of this paper, we apply the star produt approah to gauge
theory on R
2
q, expressing all elds in terms of ommutative ones. We rst onstrut
a suitable star produt, and study its properties and the relation with the integral.
The gauge theory is then formulated using this star produt in lose analogy to the
algebrai approah. In partiular, the nonommutative alulus suggests a denition
of the eld strength in terms of a frame, whih ensure the orret lassial limit.
This is somewhat dierent from other approahes proposed in the literature [8℄. The
orresponding Seiberg-Witten maps are solved up to rst order. The formulation of a
gauge invariant ation requires again a nontrivial measure funtion, whih is essentially
the same as in the algebrai approah. While it annot be aneled as in the algebrai
approah by introduing a Higgs eld, we show how the ation an be modied in order
to obtain the orret ommutative limit.
2 The q−deformed two-dimensional Eulidean Group
and Plane
2.1 The dual symmetry algebras Eq(2) and Uq(e(2))
We start by reviewing the quantum group Eq(2), whih is a deformation of the (Hopf)
algebra of funtions on the two-dimensional Eulidean Group E(2). It is generated by
the funtions n, v, n¯, v¯ with the following relations and struture maps [9℄
vv¯ = v¯v = 1 nn¯ = n¯n vn = qnv
nv¯ = qv¯n vn¯ = qn¯v n¯v¯ = qv¯n¯
∆(n) = n⊗ v¯ + v ⊗ n ∆(v) = v ⊗ v ∆(n¯) = n¯⊗ v + v¯ ⊗ n¯
∆(v¯) = v¯ ⊗ v¯ ε(n) = ε(n¯) = 0 ε(v) = ε(v¯) = 1
S(n) = −q−1n S(v) = v¯ S(n¯) = −qn¯ S(v¯) = v
(1)
where q ∈ R. This is a star-Hopf algebra with the onjugation
n∗ = n¯, v∗ = v¯. (2)
In terms of the operators θ, t, t¯ dened by [9℄
v = e
i
2
θ t = nv t¯ = v¯n¯ (3)
(note that v is unitary and an therefore be parametrized by a hermitian element θ∗ = θ),
the oprodut of t and t¯ reads
∆(t) = t⊗ 1 + eiθ ⊗ t ∆(t¯) = t¯⊗ 1 + e−iθ ⊗ t¯. (4)
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It is often onvenient to onsider also the dual quantum group. The dual Hopf algebra
Uq(e(2)) of Eq(2) is generated by T, T , J with the following ommutation relations and
struture maps
3
[9℄
TT = q2TT [J, T ] = iT [J, T ] = −iT
∆(T ) = T ⊗ q2iJ + 1⊗ T ∆(T ) = T ⊗ q2iJ + 1⊗ T (5)
∆(J) = J ⊗ 1 + 1⊗ J ε(T ) = ε(T ) = ε(J) = 0
S(T ) = −Tq−2iJ S(T ) = −Tq−2iJ S(J) = −J,
where the dual pairing on the generators is given by
〈T, θitjt
k
〉 = δ0iδ1jδ0k, 〈T , θ
itjt
k
〉 = −q2δ0iδ0jδ1k, 〈J, θ
itjt
k
〉 = δ1iδ0jδ0k. (6)
This is again a star-Hopf algebra with the onjugation
J∗ = −J, T ∗ = T .
2.2 The Eq(2)-ovariant Eulidean plane R
2
q.
Hopf algebras an be used to dene generalized symmetries. There are two equiva-
lent, dual notions. A Hopf algebra H oats on an algebra A if A is a left (or right)
H-omodule algebra (see Appendix A) via a left oation ρ : A → H ⊗ A. In par-
tiular, every Hopf algebra H admits a omodule struture on itself in virtue of the
omultipliation
∆ : H −→ H⊗H. (7)
Observing that the subalgebra of Eq(2) generated by t, t¯ is a Eq(2)-module subalgebra,
we an obtain the Eq(2)−symmetri plane by renaming t→ z, t¯→ z¯. Hene R
2
q is the
Eq(2)-omodule algebra with generators z, z¯ and ommutation relations
zz = q2zz. (8)
We will also allow formal power series, and dene the algebra of funtions on the
Eq(2)−ovariant plane [7℄
R
2
q := R〈〈z, z¯〉〉/(zz¯ − q
2z¯z). (9)
By onstrution, it is ovariant under the following left Eq(2)-oation
ρ(z) = eiθ ⊗ z + t⊗ 1
ρ(z) = e−iθ ⊗ z + t¯⊗ 1.
(10)
More formally, we have a oation ρ : R2q → Eq(2) ⊗ R
2
q . From now on, funtions are
onsidered to be elements of this algebra.
3
Our generators are related to the generators µ, ν, ξ in [9℄ by µ ≡ T,−q2ν ≡ T , ξ ≡ J
3
In general, a left omodule algebraA underH is also a rightH′-module algebra, using
the dual pairing betweenH and its dualH′. Expliitly, the right4 ation ⊳ : A⊗H′ −→ A
of H′ on A is given by
f ⊳ X := (〈X, ·〉 ⊗ id) ◦ ρ(f) = 〈X, f(−1)〉f(0) , X ∈ H
′, f ∈ A . (11)
Applied to the present situation using the oation (10) and the dual pairing (6), we
obtain an ation of Uq(e(2)) on R
2
q. It is ompatible with the onjugation z
∗ = z¯ in the
sense
(f ⊳ X)∗ = f ∗ ⊳ S−1(X∗) (12)
for any f ∈ R2q and X ∈ Uq(e(2)). To alulate the ation of Uq(e(2)) on formal power
series in z, z, it is useful to note that any formal power series f(z, z¯) an be written as
f(z, z) =
∑
m∈Z
zmfm(zz). (13)
The ation on terms of this form is alulated in Appendix A:
zkf(zz) ⊳ T =
zk−1
1− q−2
(f(q2zz)− q−2kf(zz))
zkf(zz) ⊳ T =
q4
1− q2
zk+1
f(zz)− f(q−2zz)
zz
(14)
zkf(zz) ⊳ J = ikzkf(zz) ,
whih has again the above form.
2.3 Covariant dierential alulus on R
2
q
A dierential alulus is useful to write down Lagrangians. A ovariant dierential
alulus over R
2
q is a graded bimodule Ω
∗
q = ⊕n Ω
n
q over R
2
q whih is a Uq(e(2))module
algebra, together with an exterior derivative d whih satises d2 = 0 and the usual
graded Leibniz rule. Its onstrution [10, 11℄ is reviewed here for onveniene, in order
to establish the notation. We start by introduing variables dz and dz, whih are the
q−dierentials of z and z. These are nonommutative dierentials whih do not ommute
with the spae oordinates z, z. Covariane and d(1) = 0 implies the oation
ρ(dz) = eiθ ⊗ dz
ρ(dz) = e−iθ ⊗ dz ,
(15)
and the ommutation relations between oordinates and their dierentials must be
zdz = q−2dzz zdz = q−2dzz
zdz = q2dzz zdz = q2dz z .
(16)
4
Similarly one gets a left ation via a dual pairing from a right oation.
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To see that d : R2q → Ω
1
q is well-dened, we have to verify that it respets the ommu-
tation relations of the algebra, i.e.
d(zz − q2zz)
!
= 0 (17)
whih is easy to see. To obtain a higher order dierential alulus, we apply d on the
ommutation relations (16), whih gives
dzdz = −q2dzdz (18)
and
(dz)2 = (dz)2 = 0 .
This denes a star-alulus (i.e. with a reality struture), where the star of forms and
derivatives is dened in the obvious way. One an now introdue q−deformed partial
derivatives by
d =: dzi∂i = dz∂z + dz¯∂z¯ , (19)
as in the ommutative ase. This denes the ation of ∂z and ∂z on funtions. One an
also introdue the algebra of dierential operators with generators ∂z, ∂z, z, z¯. In order
to distinguish the generators ∂z , ∂z in this algebra from their ation on a funtion, we
denote the latter by
∂z(f) and ∂z(f) ,
whereas we will not use brakets if ∂z , ∂z are interpreted as part of the algebra of dier-
ential operators.
The derivatives ∂z , ∂z satisfy a modied Leibniz rule. It an be derived from the
Leibniz rule of the exterior dierential together with the ommutation relations of dif-
ferentials and oordinates as follows: On the one hand, we have
d(fg) = (df)g + f(dg)
= dzi∂i(f)g + fdz
i∂i(g)
= dzi∂i(f)g + dzf(q
−2z, q−2z)∂z(g) + dzf(q
2z, q2z)∂z(g) (20)
using the ommutation relations
f(z, z) dz = dz f(q−2z, q−2z)
f(z, z) dz = dz f(q2z, q2z) ,
(21)
whih follow from (16). On the other hand, we have
d(fg) = dz∂z(fg) + dz∂z(fg) ,
and together with (20) we obtain the q−Leibniz rule
∂z(fg) = ∂z(f)g + f(q
−2z, q−2z)∂z(g) (22)
∂z(fg) = ∂z(f)g + f(q
2z, q2z)∂z(g) . (23)
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Applying this to the funtions zf resp. zf , one obtains the following ommutation
relations:
∂zz = 1 + q
−2z∂z ∂zz = q
−2z∂z
∂zz = q
2z∂z ∂zz = 1 + q
2z∂z .
(24)
Furthermore, applying ∂z∂z on the funtion zz we nd
∂z∂z = q
2∂z∂z . (25)
For ompleteness we also give the ommutation relations for dierentials and derivatives:
∂zdz = q
2dz∂z ∂zdz = q
−2dz∂z
∂zdz = q
2dz∂z ∂zdz = q
−2dz∂z .
(26)
Clearly, the q−dierentials and q−derivatives beome the lassial dierentials resp.
derivatives in the limit q → 1.
2.3.1 The frame
On many nonommutative spaes [12, 13℄, there exists a partiularly onvenient basis
of oneforms (a frame) θa ∈ Ω1, whih ommute with all funtions. They are easy to
nd here: onsider the elements
θ ≡ θz := z−1zdz
θ ≡ θz := dzzz−1 . (27)
Then the following holds:
Lemma 1.
[θ, f ] = [θ, f ] = 0 (28)
for all funtions f ∈ R2q, and
θθ = −q2θθ . (29)
Proof. Easy veriation using the above ommutation relations.
It is even possible to nd a one-form Θ whih generates the exterior dierential:
onsider the following duals of the frame,
λz :=
1
1− q−2
z−1 (30)
λz := −
1
1− q−2
z−1 (31)
and dene
Θ := θiλi .
Then we have
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Lemma 2. The anti-hermitian one-form Θ∗ = −Θ generates the exterior dierential
by
df = [Θ, f ] = [λi, f ]θ
i
(32)
for all f ∈ R2q. Similarly,
dα = {Θ, α} (33)
for any one-form α. Here {·, ·} denotes the anti-ommutator. Furthermore,
dΘ = Θ2 = 0 . (34)
Proof. Equations (32) and (34) are shown in Appendix A.3. Equation (33) then follows
easily noting that {Θ, αf} = {Θ, α}f − α[Θ, f ] and {Θ, fα} = [Θ, f ]α + f{Θ, α} for
arbitrary funtions f and one-forms α.
2.4 Invariant metri
A relation between the algebra, the dierential alulus and the geometry on nonom-
mutative spaes was proposed in [12℄. We briey address this issue here, arguing that
R
2
q is at. This an be seen as follows: Aording to [12℄, loal line elements must have
the form
ds2 = θi ⊗ θj gij (35)
where gij must be a entral (i.e. numerial, here) tensor, and θ
i
is the frame introdued
above. The symmetry of gij is expressed in the equation
gij P
(−)ij
kl = 0, (36)
where P (−)
ij
kl is the antisymmetrizer dened by the alulus
θkθl P (−)
ij
kl = θ
iθj . (37)
If we require furthermore that ds2 be invariant under Eq(2), it follows that
ds2 = θ ⊗ θ + q2 θ ⊗ θ = q−2dz ⊗ dz + q4dz ⊗ dz . (38)
This is ertainly a at metri, and for q → 1 redues to the usual Eulidean metri on
R
2
.
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2.5 Representations of R
2
q
In the following we will only need representations of the algebra R
2
q, not inluding
derivatives or forms. They are easy to nd [7℄: Sine r2 = zz is formally hermitian, we
assume that it an be diagonalized. The ommutation relations then imply that z and
z are rising resp. lowering operators whih are invertible,
r2 | n〉r0 = r
2
0 q
2n | n〉r0,
z | n〉r0 = r0q
n | n+ 1〉r0 ,
z | n〉r0 = r0q
n−1 | n− 1〉r0. (39)
We will denote this irreduible representation with Lr0 , where r0 an be either positive
or negative. The representations with r0 and −r0 are equivalent. The irreduible repre-
sentations are labeled by r0 ∈ [1, q). It follows that z
−1
and z−1 are well-dened on Lr0
unless r0 = 0.
3 Invariant Integration
3.1 Integral of funtions
In order to dene an invariant ation, we need an integral on R
2
q whih is invariant under
Eq(2). In general, an integral (i.e. a linear funtional) is alled invariant with respet
to the right ation of Uq(e(2)) if it satises the following invariane ondition
∫ q
f(z, z) ⊳ X = ε(X)
∫ q
f(z, z) (40)
for all f ∈ R2q and X ∈ Uq(e(2)). Here ε(X) is the ounit. Suh an integral was found in
[14℄; however, we want to determine the most general invariant integral here. Sine ε is
an algebra homomorphism, it is suient to hek the ondition (40) for the generators
T, T and J . Let us rst onsider funtions of the type
zmf(zz¯) (41)
where f(r2), r2 = zz¯ an be onsidered as a lassial funtion in one variable. We an
hoose it suh that the integral will be well-dened. Invariane under the ation (15) of
J implies ∫ q
zmf(zz) = δm,0 〈f(r
2)〉r (42)
where 〈f(r2)〉r is a radial integral to be determined. Invariane under the ation of T
and T then leads to the following algebrai ondition
〈f(q2r2)− q−2f(r2)〉r = 0 (43)
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on the radial part of the integral. This ondition is satised for
〈f(r2)〉r0 := r
2
0(q
2 − 1)
∞∑
k=−∞
q2kf(q2kr20), (44)
for any r0 ∈ R. Notie that the integral an then be written as quantum trae (or
Jakson-sum) over the irreduible representation Lr0 dened in (39):∫ q,(r0)
f(z, z) := (q2 − 1) Trr0(r
2f(z, z)), (45)
where Trr0 is the ordinary trae on Lr0 ; note that Trr0(z
mf(r2)) = 0 for m 6= 0. If we
allow superpositions of this basi integral (resp. diret sums of irreps of R
2
q), then we
an take an arbitrary superposition of the form
〈f(r2)〉r =
∫ q
1
dr0µ(r0) 〈f(r
2)〉r0 (46)
with arbitrary (positive) "weight" funtion µ(r) > 0. If µ(r) is a delta-funtion, this
is simply the above Jakson-sum. For µ(r0) =
1
r0(q2−1)
, one obtains the lassial radial
integral ∫ q
f(z, z) =
∫ q
1
dr0
1
r0(q2 − 1)
∫ q,(r0)
f0(zz) =
∫ ∞
0
drrf0(r
2) (47)
for f(z, z) =
∑
m z
mfm(r
2), assuming q > 1. Any of these integrals redues to the usual
(Riemann) integral on R
2
for q → 1, using the obvious mapping from R2q to R
2
indued
by (13).
It is quite remarkable that the lassial radial integral is indeed invariant, p. [15℄.
This will be useful in the star-produt approah in Setion 6. Nevertheless, the invariant
integrals are not yli in the ordinary sense:
Lemma 3. For any invariant integral (40) the following yli property holds:
i) For any funtions f, g, we have∫ q
fg =
∫ q
gD(f) (48)
where D is the algebra homomorphism dened by
D(zm) := q−2mzm D(zm) := q2mzm. (49)
ii) D is an inner automorphism:
D(f(z, z)) = zzf(z, z)z−1z−1 . (50)
Proof. Easy veriation using the ommutation relation (8).
A similar yli property for invariant integrals on a SOq(N)−ovariant spae was
found in [15℄.
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3.2 Integral of forms
Sine any 2-form α(2) ∈ Ω2q an be written as α
(2) = fθθ and θθ is invariant, we dene
∫ q
α(2) =
∫ q
fθθ :=
∫ q
f . (51)
For one-forms α, β we then obtain the following yli property:
∫ q
αβ = −
∫ q
βD(α) (52)
where D is dened on forms as above. Noting that D(Θ) = Θ, this immediately yields
Stokes theorem:
Theorem 1. Let α be a one-form. Then
∫ q
dα = 0 . (53)
Proof. Sine dα = {Θ, α} due to (33), we get with (52)
∫ q
dα =
∫ q
{Θ, α} = 0.
4 Gauge Transformations, Field Strength and Ation
We onsider matter elds as funtions in R
2
q . An innitesimal nonommutative gauge
transformation of a matter eld ψ is dened as [16℄
δψ = iΛψ (54)
while of ourse δzi = 0. We introdue the ovariant derivative (or rather a ovariant
one-form)
D := Θ− iA (55)
whih should be an anti-hermitian one-form. Requiring that Dψ(x) transforms ovari-
antly, i.e.
δDψ = iΛDψ
leads to
δD = i[Λ, D], (56)
whih using (32) implies the following gauge transformation property for the gauge eld
A
δA = [Θ,Λ] + i[Λ, A] = dΛ + i[Λ, A] . (57)
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This suggests to dene the nonommutative eld strength F as
F := iD2 = Fijθ
iθj ,
whih is a 2-form transforming as
δΛF = i[Λ, F ]. (58)
Sine Θ2 = 0 and {Θ, A} = dA we obtain the familiar form
F = dA− iA2 , (59)
whih shows that F redues to the lassial eld strength in the limit q → 1. To write
it in terms of omponents, it is most natural to expand the 1-forms in the frame basis
θi = (θ, θ¯), beause then no ordering presription is needed. Hene we an write
A = Aiθ
i = θiAi, (60)
and the eld strength is
F = (λiAj + Aiλj − iAiAj)θ
iθj
= (λ1A2 − q
−2A2λ1 − q
−2λ2A1 + A1λ2 − iA1A2 + iq
−2A2A1)θθ¯ (61)
where λi = (λz, λz¯). Notie that this is written in terms of the omponents of the frame,
not of the dierentials dz, dz¯. In order to understand its lassial limit, it is better to
write
5
A = A˜zdz + A˜z¯dz¯, (62)
and we reover from (59) the lassial eld strength
F
q→1
−→ (∂zA˜z − ∂zA˜z)dzdz . (63)
In order to write down a Lagrangian for a Yang-Mills theory, we also need the Hodge
dual ∗HF of F . This is easy to nd: sine any two-form F an be written as
F = fθθ = q−2fdzdz
for some funtion f , we dene ∗H on two-forms as
∗H F :=
1
2
f . (64)
This is the orret denition beause dzdz is invariant under Uq(e(2)) transformations,
hene the Hodge dual satises
(∗HF ) ⊳ u = ∗H(F ⊳ u) (65)
5
This is not natural for q 6= 1, sine then dz, dz¯ do not ommute with funtions.
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for all u ∈ Uq(e(2)). We an now write down the following ation using one of the
invariant integrals found in Setion 3.1:
S :=
∫ q
F (∗HF ) z
−1z−1 =
∫ q 1
2
f 2 z−1z−1θθ . (66)
The fator z−1z−1 is required by gauge invariane under (57), using the property∫ q
fg z−1z−1 =
∫ q
gf z−1z−1 (67)
whih follows from Lemma 3. In the lassial limit we obtain
S
q→1
−→
∫
1
2
(∂zAz − ∂zAz)
2z−1z−1dzdz .
The measure fator z−1z−1 breaks the Eq(2)-invariane expliitly. Unfortunately, it is
required by gauge invariane. In other words, the invariant integral seems inompatible
with this kind of gauge invariane, and one is faed with the hoie of giving up either
gauge invariane or Eq(2)-invariane
6
. In this paper, we will insist on gauge invariane.
There are several possibilities how this problem might be avoided. One may try to
modify the gauge transformation, e.g. by using some kind of q-deformed gauge invari-
ane as in [17℄. Unfortunately we were not able to nd a satisfatory presription here
[18℄. Alternatively, we will propose in the next setion a mehanism using spontaneous
symmetry breaking, whih yields an Eq(2)-invariant ation for low energies. In any ase,
the above ation is ertainly appealing beause of its simpliity, and the gauge transfor-
mations (56) are very natural. This problem may also be a hint that the quantum group
spaetime-symmetry has not been orretly implemented in the eld theory, beyond a
formal level. A proper treatment would presumably require a seond quantization, suh
that the Eq(2)-symmetry ats on a many-partile Hilbert spae and the quantum elds,
as in [19℄.
Let us briey disuss the ritial points of the above ation. The absolute minima
are given by solutions of the zero urvature ondition F = 0. In terms of the oordinates
D = Diθ
i
this leads to
D2D1 = q
2D1D2 .
This is the dening relation of the deformed Eulidean plane with opposite multiplia-
tion. One solution is of ourse D = Θ, and we get all possible solutions in terms of the
automorphisms of R
2
q.
5 Restoring Eq(2)-invariane through spontaneous sym-
metry breaking
The expliit weight fator z−1z−1 in (66) is rather unwelome, beause it expliitly
breaks the Eq(2)-invariane of the ation, whih was the starting point for our onsid-
6
In the lassial limit, the measure funtion an be written as z−1z−1dzdz¯ = 1
r2
(rdrdϕ) = d(lnr)dϕ,
whih is the volume-form on a ylinder. Therefore this ation ould be interpreted as Yang-Mills ation
on a quantum ylinder. However this is not the aim of this paper.
12
erations. One ould in priniple interpret it as some kind of additional metri term in
the ation, whih is required by gauge invariane. However, it is also possible to anel
it by the vauum-expetation value (VEV) of a suitable salar eld: Consider the ation
S1 :=
∫ q
F (∗HF )e
φ z−1z−1 . (68)
This is gauge invariant if φ transforms in the adjoint:
φ→ i[Λ, φ]. (69)
We an then add an ation for φ, suh as
S2 =
∫ q
V (φ) z−1z−1 (70)
where V (x) is an ordinary funtion, whih is again gauge invariant. If we ould nd a
potential V (φ) whih has eφ = zz as solution, we would obtain the following low-energy
ation
S1[A, 〈φ〉] =
∫ q
F (∗HF ) (71)
replaing φ by its VEV 〈φ〉. This is formally invariant under Eq(2), while the gauge
invariane is spontaneously broken rather than expliitly. To nd suh a potential V ,
onsider the equation of motion
δS2[φ] =
∫ q
δφ V ′(φ) z−1z−1 = 0 (72)
using the yli property of the integral, where V ′ denotes the ordinary derivative of the
power series V (x). We therefore need a potential V (x) suh that V ′(ln(zz)) = 0. For a
given irrep Lr0 labeled by r0 as in (39), the eigenvalues of zz are r
2
0q
2n = e2n ln(q)+2 ln(r0)
for n ∈ Z. Therefore
V ′r0(2n ln(q) + 2 ln(r0)) = 0, n ∈ Z. (73)
This ertainly holds for V ′r0(x) ∝ sin(2π
x−2 ln(r0)
2 ln(q)
), thus
Vr0(x) = −V0 cos(2π
x− 2 ln(r0)
2 ln(q)
) (74)
is a possible potential. Hene we will use the representation Lr0 , and the quantum trae∫ q,(r0)
on Lr0 as invariant integral for the ation. Note furthermore that
δφS1 = 0 (75)
for F = 0, therefore eφ = zz, F = 0 is indeed a possible vauum of the ombined
ation
S = S1 + S2 =
∫ q,(r0) (
F (∗HF )e
φ + V (φ)
)
z−1z−1. (76)
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Replaing φ→ 〈φ〉 = ln(zz), it redues to
∫ q,(r0)
F (∗HF ) + const, (77)
as desired. The utuations in φ are suppressed if V0 is hosen large enough. Of ourse
there are other solutions for φ, whih would give a nontrivial eetive metri e〈φ〉z−1z−1
in the ation. This is somewhat reminisent of the low-energy eetive ations in string
theory, where the dilaton enters in a similar way.
For reduible representations of R
2
q one ould still nd suh potentials, but if we take
ontinuous superpositions as in (47) in order to have the lassial integral (as in the
Seiberg-Witten approah below), this is no longer possible.
6 Star Produt Approah
We now want to study gauge theory on R
2
q using the star produt approah, whih was
developed in [20, 16℄. We will denote lassial variables on R
2
by greek letters ζ, ζ in
this setion, in order to distinguish them from the generators z, z of the algebra R2q .
A star produt orresponding to R
2
q is dened as the pull-bak of the produt in R
2
q
via an invertible map
ρ : R[[ζ, ζ]][[h]] → R2q (78)
of vetor spaes,
f ⋆ g := ρ−1(ρ(f)ρ(g)), (79)
where
q = eh. (80)
For example, the star produt orresponding to normal ordering in R
2
q (i.e. ommuting
all z to the left and all z to the right) reads [16℄
f ⋆n g = µ ◦ e
−2h(ζ∂
ζ
⊗ζ∂ζ)(f ⊗ g) . (81)
For our purpose the following star produt will be more useful
f ⋆q g := µ ◦ e
h(ζ∂ζ⊗ζ¯∂ζ−ζ∂ζ⊗ζ∂ζ)(f ⊗ g) = fg + hζζ(∂ζf∂ζg − ∂ζf∂ζg) +O(h
2) , (82)
beause it is hermitian, i.e. f ⋆q g = g ⋆q f , and satises other nie properties as shown
in Lemma 4 (see equation (88) below). The orresponding Poisson struture reads
7
θij = −2iζζεij . (83)
This star produt is equivalent to the normal ordered one (81) via the equivalene
transformation
T := e−hζ∂ζζ∂ζ .
7
The Poisson struture is given by [f ⋆q, g] = ihθij∂if∂jg +O(h
2).
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To see this, we rst note that
ζ∂ζζ∂ζ ◦ µ = µ ◦ (ζ∂ζζ∂ζ ⊗ id+ id⊗ ζ∂ζζ∂ζ + ζ∂ζ ⊗ ζ∂ζ + ζ∂ζ ⊗ ζ∂ζ).
This leads to
T (f ⋆q g) = e
−hζ∂ζζ∂ζ ◦ µ ◦ eh(ζ∂ζ⊗ζ∂ζ−ζ∂ζ⊗ζ∂ζ)(f ⊗ g)
= µ ◦ e−h(ζ∂ζζ∂ζ⊗id+id⊗ζ∂ζζ∂ζ+ζ∂ζ⊗ζ∂ζ+ζ∂ζ⊗ζ∂ζ) ◦ eh(ζ∂ζ⊗ζ∂ζ−ζ∂ζ⊗ζ∂ζ)(f ⊗ g)
= µ ◦ e−2h(ζ∂ζ⊗ζ∂ζ)(e−hζ∂ζζ∂ζf ⊗ e−hζ∂ζζ∂ζg)
= T (f) ⋆n T (g) ,
hene T is indeed an equivalene transformation from ⋆n to ⋆q. If we denote the normal
ordering by ρn, this new star produt an be obtained by f ⋆q g := ρ
−1
q (ρq(f)ρq(g)) in
terms of an ordering presription ρq given by
ρq := ρn ◦ T .
For illustration we give the image of ρq of some simple polynomials:
ζn 7→ zn
ζ
n
7→ zn
(ζζ)n 7→ q−n(zz)n.
(84)
Moreover, ⋆q is ompatible with J :
(f ⋆q g) ⊳ J = (f ⊳ J) ⋆q g + f ⋆q (g ⊳ J) (85)
where the ation of J on R2 is the obvious one.
One an easily extend the star produt formalism to inlude dierential forms, whih
will be useful in Setion 6.3. We simply use the invertible map
Ω∗ → Ω∗q ,
f = f(ζ, ζ¯) 7→ ρq(f)
ζ−1ζ¯dζ 7→ θ
ζζ¯−1dζ¯ 7→ θ¯ (86)
(extended in the obvious way) from the dierential forms on R
2
to the alulus Ω∗q
dened in Setion 2.3, and dene the star-wedge ∧q on Ω
∗
as the pull-bak of Ω∗q .
Using the same notation θ = ζ−1ζ¯dζ, θ¯ = ζζ¯−1dζ¯ as in the nonommutative algebra,
one has for example θ ∧q θ¯ = −q
2θ¯ ∧q θ in Ω
∗
, as in Ω∗q . Clearly θ ⋆q f = f ⋆q θ in
self-explanatory notation, and we will omit the star in this ase from now on.
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6.1 Eq(2)-invariane of the Riemann integral
Sine there exists an integral on the ommutative spae, it is natural to use the isomor-
phism ρ (78) orresponding to the star produt, and dene∫ ρ
f(z, z) :=
∫
ρ−1(f)(ζ, ζ)dζdζ . (87)
In general, one should not expet that the integral dened in this way is invariant
under Eq(2). Nevertheless, for the star produt ⋆q dened by ρq, this integral is indeed
invariant, i.e. (40) is satised. We want to explain this in detail. Consider
f(z, z) =
∞∑
n=−∞
znfn(zz) ∈ R
2
q.
Applying ρ−1q gives
ρ−1q (f) =
∞∑
n=−∞
ζn ⋆q ρ
−1
q (fn(r
2)) .
On the other hand, we an write the funtion ρ−1q (f) in polar oordinates, and expand
it in a Fourier series with r-dependent oeients
ρ−1q (f) =
∞∑
n=−∞
einφ an(r).
Then
a0(r) =
1
2π
∫ 2π
0
dφ ρ−1q (f)(φ, r) .
Sine ζ = reiφ and ρ−1q (fn(r
2)) = fn(qr
2) is a funtion of r2 by (84) and using the fat
(85) that ⋆q is ompatible with J , it follows that
a0(r) = ρ
−1
q (f0)(r
2) = f0(qr
2).
Therefore ∫
ρ−1q (f)(ζ, ζ)dζdζ = 2π
∫
dr rf0(qr
2).
This agrees essentially with (47), whih is indeed invariant under Uq(e(2)) transforma-
tions as was shown there.
From now on, we will use the Riemann integral (87) in this ontext, and omit the
supersript ρ = ρq for brevity.
6.2 Trae property and measure
The Riemann integral does not possess the trae property, i.e. star multipliation is not
ommutative under the integral. However the trae property is neessary to obtain a
gauge invariant ation. We therefore look for a measure µ(ζ, ζ) suh that∫
f(ζ, ζ) ⋆q g(ζ, ζ)µ(ζ, ζ)dζdζ =
∫
g(ζ, ζ) ⋆q f(ζ, ζ)µ(ζ, ζ)dζdζ .
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Suh a measure funtion an indeed be found.
Lemma 4. Let f, g be two arbitrary funtions whih vanish suiently fast at innity.
Then∫
f(ζ, ζ) ⋆q g(ζ, ζ)
1
ζζ
dζdζ =
∫
g(ζ, ζ) ⋆q f(ζ, ζ)
1
ζζ
dζdζ =
∫
f(ζ, ζ)g(ζ, ζ)
1
ζζ
dζdζ.
(88)
Proof. See Appendix A.4.
Equation (88) has also an analog on the anonial quantum plane R
2
θ, see e.g. [1℄.
A small puzzle arises here: sine the Riemannian integral is invariant under Eq(2)
as we argued above, we also have the following yli property
∫
f(ζ, ζ) ⋆q g(ζ, ζ) ⋆q ζ
−1
⋆q ζ
−1 dζdζ =
∫
g(ζ, ζ) ⋆q f(ζ, ζ) ⋆q ζ
−1
⋆q ζ
−1 dζdζ (89)
beause of Lemma 3. These two yli properties are in fat equivalent, beause
∫
G(ζ, ζ) ⋆q (ζ
−1
⋆q ζ
−1) dζdζ = q−1
∫
G(ζ, ζ)
1
ζζ
dζdζ . (90)
To see this, note that the seond equality in (88) implies
∫
G(ζ, ζ) ⋆q ζ
−1
⋆q ζ
−1 dζdζ =
∫
((G(ζ, ζ) ⋆q ζ
−1
⋆q ζ
−1) ⋆q ζζ)
1
ζζ
dζdζ. (91)
With ζζ = q−1ζ ⋆q ζ whih is easy to verify, it follows that
∫
G(ζ, ζ) ⋆q ζ
−1
⋆q ζ
−1 dζdζ = q−1
∫
G(ζ, ζ)
1
ζζ
dζdζ (92)
using the assoiativity of the star produt. This shows the equivalene of the yli
properties (88) and (89).
6.3 Seiberg-Witten map
The map ρq denes a one-to-one orrespondene between nonommutative and ommu-
tative funtions, and we an identify f with ρ−1q (f). We onstrut a Seiberg-Witten
map for the nonommutative elds expressing them by their ommutative ounterparts
[4℄:
Λ = Λα[ai]
Ai = Ai[ai]
Ψ = Ψ[ψ, ai] .
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Here ai is the lassial gauge eld, α the lassial gauge parameter and ψ a lassial
matter eld. The nonommutative gauge transformations are dened as in Setion 4
and will be spelled out below. We assume that it is possible to expand in orders of h
Λα[ai] = α + hΛ
1
α[ai] + h
2Λ2α[ai] + . . .
Ai[ai] = A
0
i + hA
1
i [ai] + h
2A2i [ai] + . . . (93)
Ψ[ψ, ai] = ψ + hΨ
1[ψ, ai] + h
2Ψ2[ψ, ai] + . . . .
The expliit dependene on the ommutative elds an be obtained by requiring the
following onsisteny ondition [16℄
(δαδβ − δβδα)Ψ = δ−i[α,β]Ψ
⇔ iδαΛβ − iδβΛα + [Λα
⋆q, Λβ] = iΛ−i[α,β],
(94)
whih amounts to requiring that the nonommutative gauge transformations are indued
by the ommutative gauge transformations of the ommutative elds:
Ai[ai] + δΛAi[ai] = Ai[ai + δαai] (95)
Ψ[ψ, ai] + δΛΨ[ψ, ai] = Ψ[ψ + δαψ, ai + δαai] .
The onsisteny ondition has the well-known solution [21℄
Λα[ai] = α + h
1
2
θij∂iαaj +O(h
2) . (96)
This solution is hermitian for real gauge parameters α and for gauge elds ai orre-
sponding to the hermitian onnetion form a = aζdζ + aζ¯dζ¯. As usual, this solution
is not unique. Solutions to the homogeneous part of the orresponding Seiberg-Witten
equation may be added leading to eld redenitions [22℄.
The ruial point of our approah is that we will essentially work with 1-forms and
their omponents Ai w.r.t the frame θ
i = (θ, θ),
A = Aiθ
i = θiAi = A˜idz
i, (97)
and that we are gauging the one-form Θ as in Setion 4. In this way we naturally obtain
a nonommutative gauge eld and eld strength, with the orret lassial limit. This
is not the ase if one introdues ovariant oordinates to dene gauge elds and eld
strengths [21, 18℄, beause θij is not onstant here. Using [Θ, f ] = df = [λi, f ]θ
i
, this
led to the gauge transformation law in the nonommutative algebra
δΛAi = [λi,Λ] + i[Λ, Ai] (98)
where
λz =
1
1− q−2
z−1 and λz =
−1
1− q−2
z−1.
Sine the ommutator with λi satises the usual Leibniz rule we do not have to introdue
a "vielbein" eld that transforms under gauge transformations as in [8℄.
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In order to translate the above gauge transformation law to the star produt ap-
proah, we simply have to apply ρ−1q . This leads to
δΛAi = [λi
⋆q, Λ] + i[Λ ⋆q, Ai] , (99)
where we note that
ρ−1q (z
−1
i ) = ζ
−1
i .
Furthermore, we remark that
1
1− q−2
=
1
2h
(1 + h+O(h2))
suh that to zeroth order we have for the gauge eld
δαA
0
1 = ζζ
−1
∂ζα . (100)
An analogous alulation for A02 leads to the solution
A0i = ciai , (101)
where
cζ = ζζ
−1
and cζ = ζ
−1ζ . (102)
This is the solution for the gauge eld, written in the basis (θ, θ) = (c−1ζ dζ, c
−1
ζ
dζ) of
one-forms (p. (27)). To obtain the omponents in the more familiar basis (dζ, dζ) we
have to multiply the above solution by c−1i , and we indeed obtain the lassial gauge
eld ai in zeroth order:
A˜0i = ai. (103)
Dening ci =:
1
1−q−2
li, i.e. lζ := ζ
−1
and lζ := −ζ
−1
, we obtain to rst order the equation
δαA
1
i =
1
2
θkl∂kli∂lΛ
1
α − θ
kl∂kα∂l(ciai) +
1
2
θkl∂kli∂lα , (104)
whih admits the solution
A1i = ci(
−1
2
θklak(∂lai + F
0
li))−
1
2
θklak∂l(ci)ai + ciai (105)
where
F 0ij := ∂iaj − ∂jai
is the usual, ommutative eld strength. This solution satises A11 = A
1
2, A
1
2 = A
1
1.
We now dene the nonommutative eld strength as in Setion 4,
F = (λi ⋆q Aj + Ai ⋆q λj − iAi ⋆q Aj)θ
i ∧q θ
j = fθ ∧q θ¯ (106)
using the star-alulus dened by (86), beause it satises the orret transformation
law
δf = i[Λ ⋆q, f ]. (107)
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The above solution then leads to
f = F 012 + h
{
F 012 + θ
12(F 012F
0
12 − aζ∂ζF
0
12 + aζ∂ζF
0
12) + ∂ζθ
12(aζ∂ζaζ + aζ∂ζaζ + 2aζ∂ζaζ)
+∂ζθ
12(aζ∂ζaζ + aζ∂ζaζ + 2aζ∂ζaζ)
}
+O(h2) . (108)
We an now write down the following ation using the lassial integral:
S :=
1
2
∫
f ⋆q f
1
ζζ
dζdζ . (109)
Reall that the measure funtion µ(ζ, ζ) = 1
ζζ
is neessary to ensure gauge invariane
of the ation, using the trae property of the integral by Lemma 4. This ation an be
written in terms of ommutative elds using the above result:
S =
∫
dζdζ
1
ζζ
{1
2
F 012F
0
12 + h
(
F 012F
0
12 + θ
12(F 012F
0
12F
0
12 − aζF
0
12∂ζF
0
12 + aζF
0
12∂ζF
0
12)
+∂ζθ
12F 012(2aζ∂ζaζ + aζ∂ζaζ + aζ∂ζaζ) (110)
+∂ζθ
12F 012(2aζ∂ζaζ + aζ∂ζaζ + aζ∂ζaζ)
)}
+O(h2) .
Observe that this ation is also the Seiberg-Witten form of (66), beause
S =
1
2
∫
f ⋆q f
1
ζζ
dζdζ =
q
2
∫
f ⋆q f ⋆q (ζ
−1
⋆q ζ
−1)dζdζ (111)
using (90). We see that as in the algebrai approah of Setion 4, gauge invariane
requires a measure funtion µ(ζ, ζ) = 1
ζζ
dζdζ whih breaks translation invariane. How-
ever, one should realize that even without this measure funtion, this lassial ation
would not be invariant under E(2), beause the star produt is not ompatible with the
symmetry (only for rotations (85) holds). This would only be the ase if one ould nd
a star produt on R
2
q whih is ompatible with the oprodut of Eq(2), p. [23, 19℄.
6.4 The lassial limit and the measure funtion
The measure funtion µ(ζ, ζ) = 1
ζζ
dζdζ survives in the lassial limit q → 1. If we
want a deformation of the lassial theory, this should not be the ase. We therefore
would like to get rid of this measure funtion in the lassial limit. This an be ahieved
by multiplying the ation with a gauge-ovariant expression
8
, whih in the lassial
limit exatly anels the measure funtion µ. For this purpose we introdue ovariant
oordinates [16℄:
Zi := ζi +Ai . (112)
Here Ai should not be onfused with Ai. The one-form Aiθ
i
is a nonommutative
analog of the lassial gauge eld, beause its gauge transformation law (99) is the
nonommutative generalization of the lassial gauge transformation law. Indeed, we
8
This was suggested by Peter Shupp.
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reovered the lassial gauge eld ai with respet to the basis dζ, dζ (103) in zeroth
order of h. In ontrast, the ovariant oordinates are used here just as a quantity whih
transforms ovariantly and redues to the usual oordinates in the lassial limit, in order
to anel the measure funtion. We will see that Ai does not redue to the lassial
gauge eld for q → 1. Requiring the ovariant transformation rule δZi = i[Λ
⋆q, Zi] leads
to the following gauge transformation rule for Ai
δAi = i[ζi
⋆q, Λ] + i[Λ ⋆q, Ai] . (113)
As before we an express Ai in terms of ommutative elds by solving the orresponding
Seiberg-Witten equations. This gives [21℄
Ai = hθijaj + h
21
2
θklal(∂k(θ
ijaj)− θ
ijF 0jk) +O(h
3) . (114)
In priniple, ovariant oordinates may be used to dene nonommutative gauge elds
and ovariant expressions suh as eld strength [16, 18℄. However, the above equation
shows that gauge elds and eld strengths dened in that way do not lead to the lassial
gauge eld ai and eld strength F
0
ij in the limit h→ 0 whenever the Poisson-struture is
not onstant and not invertible, as is the ase here
9
. Nevertheless they are a onvenient
tool for our purpose, beause they satisfy
Z ⋆q Z → ζζ (115)
for q → 1, and
δ(Z ⋆q Z) = i[Λ
⋆q, Z ⋆q Z] . (116)
Now we an dene a gauge-invariant ation with the orret lassial limit:
S
′
:=
1
2
∫
f ⋆q f ⋆q Z ⋆q Z
1
ζζ
dζdζ . (117)
Expanded up to rst order of h we obtain
S
′
=
∫
dζdζ
1
2
F 012F
0
12 + h
(
F 012F
0
12 + θ
12(F 012F
0
12F
0
12 − aζF
0
12∂ζF
0
12 + aζF
0
12∂ζF
0
12)
+∂ζθ
12F 012(2aζ∂ζaζ + aζ∂ζaζ + aζ∂ζaζ) (118)
+∂ζθ
12F 012(2aζ∂ζaζ + aζ∂ζaζ + aζ∂ζaζ)
+
1
ζζ
θ12F 012F
0
12(ζaζ − ζaζ)− F
0
12F
0
12 + ζ∂ζ(F
0
12F
0
12)− ζ∂ζ(F
0
12F
0
12)
)
+O(h2) .
This redues indeed to a Yang-Mills theory in the lassial limit. However, hoosing
Z ⋆qZ is only one possibility to anel
1
ζζ
. There are other expressions whih are gauge-
ovariant, and lead to the same lassial limit. Our hoie is motivated by simpliity.
9
To obtain in the lassial limit the lassial gauge eld ai we have to invert θ
ij
and write
1
h
θ−1ij A
j
.
This is only dened if θ is invertible, and even then it spoils the ovariant transformation property
whenever θ is not onstant. To maintain ovariane one has to "invert θ ovariantly" as done in [18℄,
leading to ompliated expressions. The approah that we propose in Setion 6.3 does not have these
problems. Gauging the one-form Θ instead of the oordinates leads very naturally to a nonommutative
gauge-eld (99) and eld strength (106). Compare also with [8℄, where a dierent approah using a
"vielbein" is disussed.
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A Mathematial Appendix
A.1 Coation and ation
Denition 1. A left oation of a Hopf algebra H on an algebra A is a linear mapping
ρ : A −→ H⊗A (119)
whih satises
(id⊗ ρ) ◦ ρ = (∆⊗ id) ◦ ρ, (ε⊗ id) ◦ ρ = id
ρ(ab) = ρ(a)ρ(b), ρ(1) = 1⊗ 1.
(120)
In Sweedler notation, one writes
ρ(a) =: a(−1) ⊗ a(0) .
A is then alled a left H-omodule algebra.
Denition 2. A Hopf algebra H is ating on an algebra A from the right if A if there
is an ation ⊳ : A⊗H → A whih satises
ab ⊳ h = (a⊗ b) ⊳∆(h) = (a ⊳ h(1))(b ⊳ h(2)) and 1 ⊳ h = ε(h)1 (121)
for any h ∈ H and a, b ∈ A. A is then alled a right H−module algebra.
By (11), these two notions are dual to eah other. There are obvious analogs replaing
left with right everywhere.
For the ation of J, T and T on the generators z, z, we obtain
z ⊳ T = 1, z ⊳ T = 0, z ⊳ J = iz
z ⊳ T = 0, z ⊳ T = −q2, z ⊳ J = −iz .
The ation on arbitrary funtions is alulated in the following subsetion.
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A.2 The right ation of Uq(e(2)) on R
2
q
Knowing the struture maps (5) for J, T, T ∈ Uq(e(2)) and their ation on z, z given
above, we an determine the ation of J, T, T on arbitrary funtions using (xy) ⊳ U =
(x ⊳ U(1))(y ⊳ U(2)) for arbitrary x, y ∈ R
2
q, U ∈ Uq(e(2)). Sine an arbitrary funtion
f(z, z) ∈ R2q an be written as f(z, z) =
∑
k∈Z z
kfk(zz), it is suient to know the
ation on the terms
zkf(zz) ,
where f is a formal power series in zz. We will derive the formulas even for negative
powers of zz, i.e. f(zz) =
∑
l∈Z al(zz)
l
. We start with the ation on zk:
Claim 1. For k ∈ Z we have
zk ⊳ T =
1− q−2k
1− q−2
zk−1
zk ⊳ T = 0 (122)
zk ⊳ J = ikzk .
Proof. The rst equation an be shown by indution, using z ⊳ T = 1 and z−1 ⊳ T =
−q2z−2, whih follows from
0 = 1 ⊳ T = (z−1z) ⊳ T = (z−1 ⊳ T )(z ⊳ q2iJ) + z−1(z ⊳ T ) = (z−1 ⊳ T )q−2z + z−1.
The last two equations nally follow immediately with z ⊳ T = 0, z ⊳ J = iz and
∆(T ) = T ⊗ q2iJ + 1⊗ T .
The ation on f(zz) =
∑
l∈Z al(zz)
l
follows from
Claim 2. For l ∈ Z we have
(zz)l ⊳ T = q2
1− q−2l
1− q−2
(zz)l−1z
(zz)l ⊳ T = −q2
1− q2l
1− q2
(zz)l−1z (123)
(zz)l ⊳ J = (zz)l .
Proof. The last equation follows immediately with z ⊳ J = iz, z ⊳ J = −iz. The rst
equation follows again by indution, starting with (zz)⊳T = (z ⊳T )(z ⊳q2iJ)+z(z ⊳T ) =
q2z, and onluding indutively
(zz)l+1 ⊳ T = ((zz)l ⊳ T )((zz) ⊳ q2iJ) + (zz)l((zz) ⊳ T )
= q2
1− q−2l
1− q−2
(zz)l−1z(zz) + (zz)lq2z
= q2
1− q−2l−2
1− q−2
(zz)lz
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for l > 0. If l = 0, then 1 ⊳ T = 0, whih is onsistent with the laim. To derive the
ation of T on (zz)−1 we alulate
0 = ((zz)−1(zz)) ⊳ T = ((zz)−1 ⊳ T )zz + (zz)−1((zz) ⊳ T ) = ((zz)−1 ⊳ T )zz + (zz)−1q2z
hene
(zz)−1 ⊳ T = −(zz)−2z,
onsistent with (123). For l < 0 the laim follows similarly by indution, and the seond
equation follows also indutively.
Putting these results together and using f(zz) =
∑
l∈Z al(zz)
l
we obtain
zkf(zz) ⊳ T = (zk ⊳ T )(f(zz) ⊳ q2iJ ) + zk(f(zz) ⊳ T )
=
1− q−2k
1− q−2
zk−1f(zz) + zk−1
∑
l∈Z
alq
21− q
−2l
1− q−2
q2(l−1)(zz)l
=
zk−1
1− q−2
(f(q2zz)− q−2kf(zz)) .
A similar alulation nally leads to (14).
A.3 Proof of Lemma 2
Proof. Sine the θi ommute with all funtions, we have
[Θ, f ] = θ[
1
1− q−2
z−1, f ]− θ[
1
1− q−2
z−1, f ] .
Plugging in the expliit expressions (27) for θi we nd
[Θ, f ] = dzz−1z[
1
1− q−2
z−1, f ]− dzzz−1[
1
1− q−2
z−1, f ] ,
using the ommutation relations (16). Taking f = z and f = z we get
z−1z[
1
1− q−2
z−1, z] =
1
1− q−2
−
q−2
1− q−2
= 1 (124)
and
zz−1[
1
1− q−2
z−1, z] = 0 . (125)
Thus [Θ, z] = dz, and similarly [Θ, z] = dz. Hene the laim is true on the generators
of the algebra of funtions, and sine [Θ, .] is a derivation we an onlude that
df = [Θ, f ]
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for all funtions f .
To show dΘ = Θ2 = 0, onsider
((1− q−2)Θ)2 = (θz−1 − θz−1)2 = (q−2z−1dz − z−1dz)2
= −q−2z−1dzz−1dz − z−1dzq−2z−1dz
= −q−4z−1z−1dzdz − z−1z−1dzdz = 0 ,
using the ommutation relations (10), (16) and (18). Furthermore,
(1− q−2)dΘ = d(q−2z−1dz − z−1dz) = −q−4z−2dzdz + q2z−2dzdz = 0
where we used d(z−1) = −q−2z−2dz and d(z−1) = −q2z−2dz, whih follows from the
q−Leibniz rule applied to 0 = d1 = d(zz−1) = d(z¯z¯−1).
A.4 Proof of Lemma 4
Proof. We have
∫
dζdζ
ζζ
f ⋆q g =
∫
dζdζ
ζζ
fg +
∫
dζdζ
ζζ
µ ◦
∞∑
n=1
hn
n!
(
2∑
i1,j1=1
εi1j1ζ i1
∂
∂ζ i1
⊗ ζj1
∂
∂ζj1
)
(
2∑
i2,j2=1
εi2j2ζ i2
∂
∂ζ i2
⊗ ζj2
∂
∂ζj2
) . . . (
2∑
in,jn=1
εinjnζ in
∂
∂ζ in
⊗ ζjn
∂
∂ζjn
)(f ⊗ g) .
Consider the n -th term of the sum on the right hand side:
∫
dζdζ
ζζ
hn
n!
µ ◦ (
2∑
i1,j1=1
εi1j1ζ i1
∂
∂ζ i1
⊗ ζj1
∂
∂ζj1
)(
2∑
i2,j2=1
εi2j2ζ i2
∂
∂ζ i2
⊗ ζj2
∂
∂ζj2
)
. . . (
2∑
in,jn=1
εinjnζ in
∂
∂ζ in
⊗ ζjn
∂
∂ζjn
)(f ⊗ g) .
Introduing the short hand notation
f
′
⊗ g
′
:= (
2∑
i2,j2=1
εi2j2ζ i2
∂
∂ζ i2
⊗ ζj2
∂
∂ζj2
) . . . (
2∑
in,jn=1
εinjnζ in
∂
∂ζ in
⊗ ζjn
∂
∂ζjn
)(f ⊗ g),
the n−th term of the sum an be written as
∫
dζdζ
ζζ
hn
n!
µ ◦ (
2∑
i1,j1=1
εi1j1ζ i1
∂
∂ζ i1
⊗ ζj1
∂
∂ζj1
)(f
′
⊗ g
′
)
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=
hn
n!
∫
dζdζ
2∑
i1,j1=1
εi1j1
∂
∂ζ i1
(f
′
)
∂
∂ζj1
(g
′
) .
For n > 0, this leads after partial integration (assuming that the funtions vanish at
innity) to
−
hn
n!
∫
dζdζ
2∑
i1,j1=1
εi1j1f
′ ∂
∂ζ i1
∂
∂ζj1
(g
′
) = 0 .
This is valid for any summand orresponding to n > 0, so that only the zeroth order
term does not vanish. Hene we nd indeed
∫
dζdζ
ζζ
f ⋆q g =
∫
dζdζ
ζζ
fg .
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